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ABSTRACT 
Jordan structures of strictly lower triangular completions of matrices over an 
algebraically closed field are studied. We give, in terms of majorization, a sufficient 
condition for the existence of a completion which preserve the spectrum of the 
original matrix and has prescribed Jordan structure. The case of nilpotent matrix was 
considered previously by Krupnik and Leibman. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION 
In ,a preceding paper [5] it was proved that the strictly lower triangular 
part of nilpotent matrix may be altered to achieve any desired sequence of 
sizes of the Jordan blocks of the resulting nilpotent matrix, as long as it 
majorizes the sequence of sizes of the Jordan blocks of the original matrix. 
In the present paper we extend this result by showing that the word 
nilpotent in the above result can be omitted. In other words, the result still 
holds true when one starts with a matrix with more than one eigenvalue, and 
when one wishes to change the Jordan structure without affecting the 
algebraic multiplicities of the eigenvalues. In order to present the precise 
statement and prove it we introduce the following terminology. 
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Let there be given two nonincreasing sequences of positive integers 
{piIL=i> {qj)js=i. Th e se q uence 
Cjzlqj for all t = I..., 
{ pi]:= I m4zjorizes {qjjjs= 1 if r Q s, C:= 1 pi > 
{qi]. 
r, and Cr= i pi = Es= 1 qj. We then write {p,] + 
Let A be an n x n matrix over an algebraically closed field K For 
A E M,(F) with distinct eigenvalues {A,, . . . , hp}, we denote by 
l(A) = (j:, . . . . jf,;...;jp I..., j;) 
the Jordan structure of A, namely, the set of sizes of its Jordan blocks: the 
blocks of sizes {ji>f: i correspond to the eigenvalue hi, for each i = 1, . . . , p. 
Sometimes it will be convenient to consider a Jordan structure as a special 
structure set of nonnegative integers with no relation to a particular matrix. 
We will say that a Jordan structure K = (ki,. . . , k:;. . .;kf,, . . , k,‘,} 
majorizes J = {ji, . . . , ji,; . . . ;jf, . . . , jp} (and write K + J) if for each i = 
1 
sp 
> . . * > p, {k;} > {j;,. 
The main result of the present paper is the following 
THEOREM 1. Let A be an n X n matrix over F with the spectrum 
(T(A) = A and the Jordan structure J(A) = J. Suppose that for a Jordan 
structure K the following condition holds: 
Then there exists a strictly lower triangular matrix T such that A’ = A + T 
has 
o( A’) = A and J( A') = K. 
In order to prove this theorem we split all eigenspace of a matrix into 
several root spaces, each one of which corresponds to only one eigenvalue, 
and such that different root spaces correspond to different eigenvalues. We 
then apply the main result of [5] to each of the root spaces separately. 
From the proof of Theorem 1 it will in fact become clear that the strictly 
lower triangular additive perturbation T may be chosen to be of arbitrarily 
small norm. We will state this as a corollary. This in effect strengthens one of 
the perturbation results in [6, 21 where arbitrary (i.e., of a full matrix) 
perturbations were allowed. 
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2. THE JORDAN STRUCTURES OF UPPER 
EQUIVALENT MATRICES 
Let A be an n X n matrix over an algebraically closed field K 
Two matrices A, A’ are called upper equivalent if there exists a nonde- 
generate lower triangular matrix S and a strictly lower triangular matrix T 
such that A’ = S-‘AS + T (see e.g. [3]). 
The problem of finding a strictly lower triangular completion T for a 
given nilpotent matrix A with a specified Jordan structure of A + T is 
equivalent to that for any matrix from the class of matrices upper equivalent 
to A. Indeed, if A’ is upper equivalent to A, then A’ = S’AS + R, where 
S is a nondegenerate lower triangular matrix and R is strictly lower triangu- 
lar. Then the matrix T’ = S- ’ TS - R is strictly lower triangular and 
A’ + T’ = S-‘( A + T)S 
has the same Jordan structure as A + T. 
Denote by A = {A,, . . . , h } the set of all its di$erent eigenvalues, and by 
J(A) =J = (j: ,... :jf ,,..., jg I,. . . , j[,) the set of sizes of its Jordan blocks 
(blocks of sizes {j;]/;, corresponds to the eigenvalues hi for each i = 
1 >..., P). 
We are going now to prove a theorem which gives sufficient conditions 
for the Jordan structure 
K= (k: ,...) kj. ()...) kl’)..., k$ 
to be the set of the sizes of Jordan blocks of some strictly lower triangular 
completion of A (here, again, blocks {Zci};;, correspond to the eigenvalues A, 
for i = 1, . . . . p). 
Let now Ei = {ii,. . . , ip} and E, = {j,, . . . ,j,} be two sets of positive 
integers, where 1 < i, < *a. < i, < n and 1 <j, < .** <j, < n. For any 
matrix B = [bi,j]7,j=, we denote by B(ti,, E,) the following p by 4 matrix: 
Instead of B(E:,, El) we sometimes write B(zj,). 
Now we are ready to prove the main result of this paper. 
Proof of Theorem 1. We can suppose, first, that A, = 0 (otherwise we 
consider the matrix A - A, Z ). In this case, the characteristic polynomial of 
the matrix A is P(A) = AkiP,(A), [P,(O) # 01. 
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Let rank A = r; 
such that the matrix 
MARK KRUPNIK 
then there exists a strictly lower triangular matrix L, 
B, =(I -I- L,)A(Z + L,)-' 
has n - r trivial rows (the method of construction of the matrix L, was 
shown in [41). 
Now let E = {1,2, . . . , n), let li be the set of the numbers of trivial rows 
in the matrix B,, and let vi = B \ tl. The characteristic polynomial of the 
matrix B,(qi) is hkl-* “P,(A). Suppose that k, - n + r is still positive; then 
det BJqi) = 0. Let rr = rank B,(qi); Then again there exists a strictly lower 
triangular r by r matrix L, such that the matrix (I + L2)B,(~1XZ + L,)-' 
has r -_ri tri$ rows. Denote by L, the n by n strictly lower triangular 
matrix L, = [Zi, j], where 
1 l,,j if (i,j) E 771 x 81, (,j = 1 if i =j, (i,j) E v1 X ql, 0 if i Zj, (i,j) G 171 X rll, 
and Zi j are the entries of the matrix L,. The matrix A(a, vi) ahs n - r1 
trivial ‘tows. Denote the set of numbers of this rows by t2. Let 
B, = (I + &)(I + L,)A(Z - L,)-'(I + i2)-l, 
The characteristic polynomial of the matrix E$(Q) is hkl-n+rlP1(h). If 
k, - n + r1 is still positive, we continue this process. After a finite number 
of such steps we will find a subset E, c E = {1,2, . . . , n} and a strictly lower 
triangular matrix L, which satisfy the conditions 
det [ hZ - B(E:,)] = (A - hi)klP 
&[,+I - B(s,)] = (A - Az)k” ***(A -Ap)“, 
and 
B( Z,,E,) = 0, 
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where 
B = (I + L)A(Z + L)-’ and 8, = =\8, (E = {1,2,...,n}). 
These transformations allow us to split the whole eigenspace of a matrix into 
several root spaces, each one of which corresponds to only one eigenvalue 
and with different root spaces corresponding to different eigenvalues. In 
other words, for each eigenvalue Ai of the matrix B we can determine a 
subset Zi of rows (and columns) of B such that HE,) has only the 
eigenvalue hi. Now, in view of the facts that the set E = (1, . . . , n} can be 
represented as the union E = 8, lJ Es of two disjoint subsets and that the 
eigenvalues of matrices B(B,) and B(E;,) are distinct and HZ.,, Z.,) = 0, 
we conchrde that the matrix B is similar to the matrix C = [ ci j]p J = ], where , > 
i 
bi j for (i,j) G a2 X Ei, 
ci,j = ) 
0 for (i,j) E E, X 8,. 
This means that j:, . . . , jf, are the sizes of Jordan blocks of A, of the matrix 
B(s:,) and ji, . . .,ji, (for i = 2,. . . , p) are the sizes of Jordan blocks of 
A,,..., A, [which are the eigenvalues of B(B,>]. 
Now we apply induction with respect to the number of the eigenvalues of 
the completed matrix. The case I = 1 (nilpotent case) is Theorem 1 in [5]. 
Let us suppose that for 1 = p - 1 the statement of the theorem holds and 
prove that for 1 = p the statement of the theorem holds as well. 
Let ji,...,ji, be the sizes of Jordan blocks of the matrix A correspond- 
ing to Ai. In view of the properties of upper equivalent matrices, it is enough 
to find an appropriate completion of B(z). The matrix B(B,) is nilpotent, 
and so can be completed (Theorem 1 of [5]) so that the sizes of Jordan blocks 
of A, of the matrix (B + TX8,) are k:, . . . , ki [we can add some elements 
“i,j, i >j, (i,j) E E, X %,I. The matrix B(a,) has p - 1 eigenvalues, and 
so, using the inductive hypothesis, we can add some elements yi,] [i >j, 
(i, j) E Z, X E’,] to the strict1 y 1 ower triangular part of the matrix B(E,) so 
that the sizes of Jordan blocks, corresponding to A,, . . . , A, of the matrix 
(B + TXZ2) are kf, . . . , k,“,, . . . , kf, . . . , kz,,. Together T(E,) and Z’(Z,,) 
give us the required completion T of the matrix B, with the spectrum 
(T( A') = A and the Jordon structure j( A') = K. ??
It follows from the proof of Theorem 1 of [5] and Theorem 1 of the 
present paper that one can choose entries {ti,} of T arbitrarily small in 
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absolute value; hence the following statement holds: 
COROLLARY 2. Let A be an n X n matrix over C with the spectrum 
a(A) = A and Jordan structure ](A) = J. Suppose that for a Jordan struc- 
ture K one has K > J. Then for every E > 0 there exists a strictly lower 
triangular matrix T such that llTl[ < E, A’ = A + T has u(A)) = A, and 
J( A') = K. 
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